The design of large or complex structures -bridges, airplanes, robots, buildings, machinery, etc. -entails the joining or coupling of smaller, simpler components, which often can be modeled as beams, plates, or shells. These couplings may include active or passive damping mechanisms for the damping of unwanted vibrations. Successful design requires a knowledge of the system's vibration spectrum, i.e., the set of its natural frequencies of vibration.
There are four standard linear models for describing the vibration of beamsthe Euler-Bernoulli, Rayleigh, shear, and Timoshenko beams. Of these, the EulerBernoulli is the simplest, with each of the others incorporating one or more physical effects neglected by the Euler-Bernoulli model. Despite the better accuracy of these latter models, the Euler-Bernoulli is accurate enough to be the model of choice for a multitude of physical applications. In addition, the most commonly utilized models for plates and shells are those based on the same assumptions as those governing the Euler-Bernoulli beam. Indeed, given its simplicity and applicability, the Euler-Bernoulli beam may be thought of as the most universal element in structural dynamics.
In this paper, we consider the vibration of a system consisting of two identical Euler-Bernoulli beams, coupled end to end by each of four standard types of dissipative joint, and satisfying any of the standard energy-conserving boundary conditions at each end. Our intent is to estimate and classify the vibration spectrum for all 40 possible configurations (four joint conditions and ten sets of end conditions.)
The problem of serially connected Euler-Bernoulli beams seems first to have been treated in [Chen et al. 1987] , while the specific problem here was solved in [Chen et al. 1989] for the case involving a so-called type I joint with clamped-free end conditions. The authors employ an asymptotic method in order to compute the spectrum analytically, and provide numerical results for comparison. In addition, they provide physical models for the four joint types (three being special cases, involving only some of the damping parameters), and present some early experimental results. In [Chen et al. 1988] , the authors provide more experimental results and, after smoothing this data, show good agreement with the results from [Chen et al. 1989] . Krantz and Paulsen [1991] generalize to a great extent the asymptotic results in [Chen et al. 1989] . They again treat the case with clamped-free end conditions, but they consider all four types of joints. In addition, they allow for an arbitrary number of beams of arbitrary length! Finally, in [Chen and Zhou 1990] , an alternate solution of the problem in [Chen et al. 1989 ] is provided, using the elegant asymptotic wave propagation method (WPM) of Keller and Rubinow [1960] .
In this paper, we consider the case of two identical Euler-Bernoulli beams subject to any of the four types of joint conditions, as given in [Chen et al. 1989 ], and we generalize by considering all possible combinations of energy-conserving end conditions. We employ WPM in order to derive analytic/asymptotic results, and the Legendre-Tau spectral method for numerical comparisons. These are the first numerical results that we know of for Euler-Bernoulli systems with types II, III and IV joints, and the first asymptotic results for systems without clamped-free end conditions. The asymptotic results allow us easily to compare the vibration spectra for all 40 configurations, permitting us to categorize them, in order to see which configurations may be equivalent insofar as they lead to identical vibration spectra. This paper is organized as follows: In Section 2, we present the problem and, in Section 3, it is recast in dimensionless form; WPM is applied and the asymptotic results are presented in Section 4, with a brief discussion of the results in Section 5. In Section 6, the numerical results and comparisons are presented.
The problem
As mentioned, we consider the problem of two identical Euler-Bernoulli beams, connected by any of the four standard dissipative joints, as presented in [Chen et al. 1989] . We have, then, an Euler-Bernoulli beam equation satisfied along each beam:
Finally, at the left end of the first beam, we have one of the energy-conserving boundary conditions
and similarly at the right end of the second beam. Thus, we have the following ten combinations of boundary conditions to consider:
We note here that, in order for a joint to exist, at least one of the variables w (or w t ), w x (or w xt ), M or V must be discontinuous. In addition, at most one of each pair of conjugate variables (w and V, w x and M) can be discontinuous. Thus, types I-IV do, indeed, represent the most general situation for linear joints [Pilkey 1969 ].
Dimensionless form
We first separate variables,
and introduce the new variables
Also, in order to apply WPM, we let y → −y along the second beam, as it is convenient to have both beams on the same y-interval. The resulting dimensionless ODEs are
where
The new joint conditions are:
Type I:
Type II:
Type III:
Type IV:
Here, the constants p i j and q i j , where i = 1, 2, 3, 4, j = 1, 2, are given by:
Note that k 
Asymptotic estimation of vibration frequencies by WPM
Applying WPM to the problem is identical to writing the general solutions of the ODEs (1) as
applying the joint conditions to the first expression in (2) and the boundary conditions to the second expression in (2). Here, we follow Chen and Zhou [1990] and stipulate that Re(k) ≥ 0 (else, we just replace k by −k). Applying the boundary conditions, neglecting the terms of ᏻ(e −k ), and eliminating D 1 and D 2 leads to
Here, a and b depend on the boundary conditions, as follows:
where, e.g., C-F signifies that the first beam is clamped at the left end and the second beam is free at the right end. Next, we apply the joint conditions, again neglecting terms of ᏻ(e −k ), and eliminate C 1 and C 2 . The result is a relationship of the form
where each matrix M j is 2 × 2. Solving for
, we have
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for which we find it more convenient to write
For the sake of completeness, we provide R 1 and det M 1 for each of the four joints:
Now, we also see from the general solution (2) that
Combining (3), (5), and (7) then gives us
Thus, we are to find those values of k for which
Thus, we need only compute the eigenvalues of
It is easy to see that, if we identify p 11 → p 31 , p 12 → p 32 , q 11 → q 31 , q 12 → q 32 , we have t 31 = t 11 and T 31 = (T 11 ) T . Thus, R 11 R 2 and R 13 R 2 will have the same eigenvalues, and the spectra for the types I and III joints are identical for each R 2 ; i.e., given any set of end/boundary conditions, the types I and III joints have identical spectra, asymptotically. This generalizes the result in [Krantz and Paulsen 1991] where they show that these spectra are identical in the case of C-F end conditions.
Continuing the analysis, in each case the matrix R 1 (k)R 2 will have two eigenvalues, λ 1 (k) and λ 2 (k). It is easy to show, as in [Chen and Zhou 1990] , that these eigenvalues are distinct. It follows that, in each case, there will be two streams or branches of frequencies, satisfying
where each λ j (k) and det M 1 (k) are quadratic polynomials in k. Thus, as (9) is unwieldy, we follow [Chen and Zhou 1990] and we use the first-degree Taylor approximation
Applying (10) to (9) yields an equation of the form
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and, taking the (complex) log of (11) and using the Taylor approximation
We note here that the choice of −2nπ is based on our earlier assumption that Re(k) ≥ 0. We rewrite (12) as a quadratic equation, realizing that multiplying by k will add an extraneous root of ᏻ(1/k), and after also employing the Taylor approximation
we arrive at
Here, we provide the expressions for −ik 2 for all 40 cases:
Type III: This is the same as type I, with p 1 j → p 3 j , q 1 j → q 3 j , j = 1, 2.
Discussion of asymptotic results
Again, we begin by noting that, for each set of end conditions, the type I and type III joints are asymptotically equivalent. This agrees with what is found in [Krantz and
Paulsen 1991] for C-F end conditions. We see also that, for many choices of the end conditions, the damping rates for the type II and type IV joints are asymptotically equivalent. Specifically, for those cases satisfying a = b, there is an asymptotically undamped branch, while, for the other branch, we need only choose our damping constants so that
We have a similar equivalence for the case a = −b = −1 (S-R). It is of particular interest that, in so many cases, for each type of joint, a term of the form q j1 − q j2 or q j1 + q j2 appears in Im(−ik 2 ). Thus, there are examples where the q j1 and q j2 affect the "frequency part" of the eigenfrequencies. Indeed, a term of this form appears in all cases except for those where there is a type I or type III joint and end conditions satisfying a = b. Thus, this behavior would not have been encountered in [Chen and Zhou 1990] . These terms are encountered in [Krantz and Paulsen 1991] ; however, they seem to be discarded.
More specifically, in computing the damping rates, [Krantz and Paulsen 1991] arrives at a correct term similar to p j1 + p j2 + i(q j1 + q j2 ), and then arrives at the, again correct, damping rate of
However, the i(q j1 + q j2 ) part is then dropped from consideration; although, as we shall see below, these efforts do show up in the numerical results. This does, however, seem to be an easy fix for Krantz and Paulsen [1991, p. 399] .
Numerical results and comparisons
We have applied the Legendre-Tau spectral method to the problem. The problem is recast so that each beam has domain −1 ≤ x ≤ 1, after which we approximate u 1 and u 2 by
where P n is the Legendre polynomial of degree n [Gottlieb and Orszag 1977] .
Computations were performed within MATLAB, and also using Fortran 90 on a laptop. Computations at N = 40 and N = 42 show that all results in the table below converge to at least five decimal places.
In each table, we present the first 20 eigenfrequencies. We note here that, although we have only negative imaginary parts in our asymptotic results, in fact the conjugate of each eigenfrequency also is an eigenfrequency. In the following example, we list only those with positive imaginary parts.
In our first example, we compare numerical results for a type I and a type III joint, with C-F end conditions, for q j1 = q j2 = 0, and for various values of p 11 = p 31 and p 12 = p 32 . The results appear in Tables 1-3. The purpose here is threefold -to compare the numerical results for type I and type III joints (remembering that we have shown them to be asymptotically equivalent), to compare the numerical and asymptotic results, of course, and to see what happens when we vary the "dominant" damping parameters, p i j .
For Table 1 , we have taken p 11 = p 31 = p 12 = p 32 = 1. The first thing we must point out is the very close match between the type I and type III numerical results. We shall see similar behavior in the remaining results examining types I and III (Tables 2-4) .
We also are surprised to see such a good match between the numerical and asymptotic results at this low end of the spectrum. Indeed, from the second eigenfrequency on, it is clear that the numerical spectrum already has split into the expected two branches or streams.
For Table 2 , we have let p 11 = p 31 = 2 and p 12 = p 32 = 0.5. Again, we have a very close match between types I and III, and a close match between the numerical and asymptotic results. Table 1 . Types I and III joints, C-F end conditions, with p 11 = p 12 = 1, q 11 = q 12 = 0.
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For Table 3 , we have p 11 = p 31 = 0.5 and p 12 = p 32 = 2. Here, once more, the match for types I and III is very close. Meanwhile, the convergence of the numerical to the asymptotic results is somewhat slower than in the previous two tables, especially for the branch with real part equaling −8. Indeed, this slower but smooth convergence is seen quite clearly in Figure 1 , where we have plotted the data from Table 3 .
For Table 4 , we continue to consider types I and III joints and C-F end conditions, with p 11 = p 31 = p 12 = p 32 = 1 but with q 11 = q 31 = 0.5 and q 12 = q 32 = 0.7. Once again, the types I and III results are an excellent match. In addition, the smooth convergence of the numerical to the asymptotic results is similar to that in the previous example, and can be seen clearly in Figure 2 .
Given the excellent agreement between the type I and type III numerical results, we are curious as to "how equivalent" they actually are. We have tried to compare the determinant equations for the exact solutions, but so far we have had no luck. Table 2 . Types I and III joints, C-F end conditions, with p 11 = 2, p 12 = 0.5, q 11 = q 12 = 0.
For Table 5 , we consider a type II joint with C-F end conditions. The purpose here is to investigate the behavior of the "undamped" branch, the contribution of q 21 and q 22 to the imaginary parts of the eigenfrequencies, and, of course, again to compare the numerical and asymptotic results.
Here, we let p 21 = p 22 = 1. The first two columns give the numerical results, and the next two columns the asymptotic results for the case where q 21 = q 22 = 0. We see here that the numerical real parts for the "undamped" branch are very small and, in most cases, are negative, as expected. For those that are not negative (the fifth, seventh and thirteenth eigenfrequencies), we assume that it is due to the numerical approximation. In addition, the match between the numerical and asymptotic results is again quite good, even as early as the second eigenfrequency. This can also be seen clearly in Figure 3 , where we have plotted these results.
The last four columns are arranged as are the first four, but here we have let q 21 = 0.5 and q 22 = 0.7. We note that the effect of these values on the imaginary Table 3 . Types I and III joints, C-F end conditions, with p 11 = 0.5, p 12 = 2, q 11 = q 12 = 0. Table 4 . Types I and III joints, C-F end conditions, with p 11 = p 12 = 1, q 11 = 0.5, q 12 = 0.7. Table 5 . Type II joint, C-F end conditions, with p 11 = p 12 = 1, q 11 = q 12 = 0, and p 11 = p 12 = 1, q 11 = 0.5, q 12 = 0.7.
parts of the eigenfrequencies of the "damped" branch should be
and, indeed, this is what we see in the numerical results. Here, again, and in Figure 4 , we see a strong match between the numerical and asymptotic results. Table 6 is arranged exactly as Table 5 , but here we consider, instead, a type IV joint, with p 41 = p 42 = 1. As before, q 41 = q 42 = 0 for the first four columns, while q 41 = 0.5 and q 42 = 0.7 for the last four. Once more, we provide the first twenty eigenfrequencies. For the q 41 = q 42 = 0 results, the asymptotic results occur in pairs with equal imaginary parts, and we can see from the table and from Figure 5 , where these data are plotted, that the numerical results are approaching the same behavior asymptotically. For the case q 41 = 0.5, q 42 = 0.7, we again see the effect of nonzero Figure 4 . Plot of the vibration frequencies from Table 5 for the case q 11 = 0.5, q 12 = 0.7.
q-values on the imaginary part of the "damped" branch. Here, the effect is
We plot these results in Figure 6 , where, although it is difficult to see the effects of the nonzero q-values, we can see, again, a very good match between the asymptotic and numerical results.
We realize that the damping parameters we have used may not be physically realistic. Indeed, in other work, we have seen that, for realistic data, the convergence Table 6 . Type IV joint, C-F end conditions, with p 11 = p 12 = 1, q 11 = q 12 = 0, and p 11 = p 12 = 1, q 11 = 0.5, q 12 = 0.7.
of the numerical to the asymptotic results sometimes takes much longer. However, we have not been able to find realistic parameters in the literature. In particular, in the two papers which give experimental results [Chen et al. 1988; 1989] , the physical parameters have not been determined, and the comparison with the asymptotic results is based instead on a very clever use of the patterns that result from looking at various differences between the eigenfrequencies. Finally, we should mention that, in order to utilize the wave propagation method in its current form, it is necessary that the possible wave speeds are the same along each beam, thus the assumption here and in the references that each of the physical parameters m, E, and I is the same for each beam. We can generalize a bit, given that the wave speeds actually depend only on the ratio EI /m, so we need only have the ratio be the same for each beam. Once this condition is not met, however, the problem becomes far more difficult -indeed, we have found nothing in the literature regarding an asymptotic analysis of this problem. Figure 5 . Plot of the vibration frequencies from Table 6 for the case q 41 = q 42 = 0. Figure 6 . Plot of the vibration frequencies from Table 6 for the case q 41 = 0.5, q 42 = 0.7.
